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Tangent Dirac structures and submanifolds 

by 

Izu Vaisman 


Abstract. We write down the local equations that characterize the sub¬ 
manifolds A of a Dirac manifold M which have a normal bundle that is either 
a coisotropic or an isotropic submanifold of TM endowed with the tangent 
Dirac structure. In the Poisson case, these formulas prove again a result of Xu: 
the submanifold N has a normal bundle which is a coisotropic submanifold of 
TM with the tangent Poisson structure iff A is a Dirac submanifold. In the 
presymplectic case it is the isotropy of the normal bundle which characterizes 
the corresponding notion of a Dirac submanifold. On the way, we give a sim¬ 
ple definition of the tangent Dirac structure, we make new remarks about it, 
and we establish characteristic, local formulas for various interesting classes of 
submanifolds of a Dirac manifold. 


1 Introduction 

The framework of the present paper is the category. We will denote by 
spaces of differential fc-forms, by spaces of fc-vector helds, by T spaces 
of differentiable cross sections of vector bundles, and we will use the Einstein 
summation convention. 

The Dirac structures were introduced in the study of constrained systems 
and unify Poisson and presymplectic geometry pp . We will recall their dehni- 
tion later. A pair (M, D) that consists of an n-dimensional manifold M and 
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a Dirac structure D on M is called a Dirac manifold. We started the study 
of submanifolds of a Dirac manifold in nn, where we noticed the classes 
of properly normalized, totally Dirac and cosymplectic submanifolds. These 
classes extend the Poisson-Dirac with Dirac projection, Lie-Dirac (Dirac) and 
cosymplectic submanifolds of a Poisson manifold, respectively CSIEI. 

In ^2)5 Xu proved that the Dirac submanifolds of the Poisson manifold 
(M, P) are characterized by the nice property of having a normal bundle 
which is a coisotropic submanifold of the tangent manifold TM endowed 
with the tangent Poisson structure. The latter is dehned by the complete lift 
[T^ of the bivector held P. All the terms of Xu’s result, including the notion 
of a tangent Dirac structure j 2 ], are also dehned for Dirac manifolds, and 
Xu’s result indicates that one may expect interesting connections between 
the geometry of a submanifold of a Dirac manifold M and the geometry 
of a normal bundle of N in the tangent manifold TM. This is the motivation 
of the present paper. 

We will discuss the geometric conhguration of Xu’s result in the general 
case of a Dirac manifold. The terms of the theorem are either new or not 
popular, and are based on either new or not popular geometric constructions. 
Accordingly, it is an objective of the paper to explain these terms in detail. 
Particularly, we recall the general construction of the vertical and complete 
lifts of tensor helds from a manifold M to the total space of the tangent 
bundle TM, and the main properties of these operations m We use these 
lifts in order to give a simple dehnition of the tangent Dirac structure and 
make some new remarks about it. 

Then, we turn to submanifolds. We dehne various classes of submanifolds 
of a Dirac manifold and characterize them via local coordinates and bases. 
Furthermore, we obtain the local conditions that characterize submanifolds 
N of (M, D) with a normal bundle vN which is either a coisotropic or an 
isotropic submanifold of TM. These formulas imply the result proven by Xu 
in the case of Poisson manifolds. Another consequence of the established for¬ 
mulas is that the analogs of Dirac submanifolds of a presymplectic manifold 
M are characterized by the existence of a normal bundle which is isotropic 
in TM. 
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2 Complete and vertical lifts revisited 

Let M be an n-dimensional, differentiable manifold and TM be the total 
space of its tangent bundle. In the space of differentiable functions C°°{TM) 
one has the important linear subspace L(T M) of the fiberwise linear func¬ 
tions, the latter being functions of the form 

(2.1) la{x,v) = ax{v), X E M,v & TxM,a & Q^{M). 

In particular, if we denote by x* {i = local coordinates on M and 

by n* the corresponding natural coordinates on the hbers of TM (i.e., co¬ 
ordinates of tangent vectors with respect to the bases {d/dx^)), we have 
Idxi = Hence, locally, C°°{TM) is functionally spanned by the set of 
functions {n*f = / o n,ldg), where n : TM ^ M is the natural projection 
and f,g E C°°{M). In what follows the function tt*/ will be denoted again 
by /. 

Two other ingredients also are of great importance in the geometry of 
TM. 

The hrst is the Euler vector field E E x^(TM) of inhnitesimal homotheties 
of the hbers, which is characterized by 

(2.2) Ef = 0, EL = L: / e C^{M), a E Q\M), 


and has the local expression 
(2,3) 



The second is the tangent structure tensor held S E T{EndT(TM)), 
which is characterized by 


(2.4) {SX)f = 0, {SX)L = a{7i,X), 

where X E x^iTM),f E C°°{M), a E Q}{M), and has the local expression 


d d d 


If, as usual, we denote by V C T(TM) the subbundle tangent to the hbers, 
called the vertical bundle, we have 


( 2 , 6 ) 


= 0, her S = imS = V, 
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and S has a vanishing Nijenhuis tensor. 

(2.7) AfsiX, y) = [SX, ^ 3 ^] - 3 ^] - 5[A, ^ 3 ^] + 3 ;] = 0 . 

Firstly, using the ingredients introduced above and denoting T^{M) = 
{&TM) ® we get 

Proposition 2.1. nn There exists a unique homomorphism of real tensor 
algebras that sends a tensor t G Tp^{M) to a tensor t^ G Tp^{TM), where 
V ^ TM and 7i{v) = a; G M, called the vertical lift, such that 

(2.8) = 1, = 7r*a, = SX, 

where a G TfM, X G T^M, and X G Ty{TM) is any vector such that vr^A = 
X. Moreover, the vertical lift of a differentiable tensor field is a differentiable 
tensor field and, for differential forms, the vertical lift commutes with the 
exterior differential. 

Proof. We notice that VA G Tf{TM) there exists a unique a\ G TfM such 
that a\{X) = X(SX) (tt^A = X). Then, we dehne 

(2.9) t^(Ai,..., Xq, Ai,..., Xp) = t(7r*Ai,..., 7r*Ag, oai, ..., oa^)- 

The assertions about tensor helds and differential forms follows from the 
fact that in the case of a differential form $ (functions included) one has 
= 7 r*$, and in the case of a vector field X = ff{d/dx^) one has X^ = 


ffid/dv''). 


□ 


Secondly, we define an operation on tensor fields known as the complete 
lift [H]. For any vector field X G x^(M), the flow exptX lifts to a local 
1-parameter Lie group {exptX)^ on the manifold TM, which is defined by a 
vector field X^ G x^{TM) called the complete lift of X. The local expression 


of is 


( 2 . 10 ) 



and it is easy to check that [Tl] 


( 2 . 11 ) 


XCf ^ 
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( 2 . 12 ) 


(X + Yf = X'=’ + Y°, (fXf = /''X° + (l^)X'', 
a''(X^) = (a(Xy)'', 


(2.13) [X®, r'l'l = {X, Yf, [X Y°] = [X, Y]'', [X Yf = 0. 

Furthermore, one has 

Proposition 2.2. [T3] There exists a unique homomorphism of real linear 
spaces which sends a tensor field P G TTfi{M) to a field G TTfifiTM), 
called the complete lift of P, such that, V/ G C°^{M), f^ = Idf, VX G 
is given by fl2.1Hl . and 

(2.14) (P®Q)^ = P^®g^ + P^®Q^. 

Proof. Notice that the lift f^ of a function was chosen such that for any 
vector held seen as X : M TM the pull back f^ o X = Xf. The 
dehnition of f^ and condition (j2.14jl compel us to dehne the complete lift of 
a 1-form a G VT{M) by 

(2.15) a^(X'") = (a(X))'", a^(X^) = (a(X))^ = 

The corresponding local coordinate expression is 

d 

(2.16) -1- ayduf 

ox^ 

and for any vector held X : M TM the pull back of is given by 
X*a*^ = Lx<y, where L denotes the Lie derivative. Finally, condition 
uniquely dehnes the complete lift of an arbitrary tensor held because this 
condition is compatible with associativity. □ 

We also indicate the following properties of the complete lift: 
a) [H] The complete lift of a /c-form <F G is a Pform G 

VL^{TM) and d<F^ = (d$)^. Indeed, a straightforward calculation shows 
that this condition holds for fnnctions and 1-forms. Then, the condition 
for an arbitrary form follows by expressing the latter locally as a real linear 
combination of exterior prodncts of 1 -forms and nsing (EH- 
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b) ^3] The Lie derivative of a tensor field <f> G TT^{M) has the following 
lifts: 


(2.17) = Lxc^^ = Lxv^^, (Lx^f = Lxc^^, Lxv^^ = 0. 

It is enongh to check for fnnctions, vector helds and l-forms, and this 

can be done with the already explained formulas ()2.8|1 - ()2.1d|l . Then, the 
general result follows from (EH- 

c) The complete lift of a fc-vector held P G x^(M) is a fc-vector held 

pC 

G x^(TM) and the Schouten-Nijenhuis bracket satishes the condition 
[P^, Q^] = [P, Q]^■ This follows by expressing P, Q locally as real linear 
combinations of exterior products of vector helds, using the expression of the 
Schouten-Nijenhuis bracket of such exterior products (e.g., m and (EH, 

EH)- 

As an application of property c), if P G x^{M) is a Poisson bivector held 
on M, i.e. [P, P] = 0, then P^ is a Poisson bivector held on the manifold 
TM. The Poisson structure dehned by P*" is called the tangent Poisson 
structure and it was used by many authors (01121 , etc.). 

d) The complete lifts of all the vector helds X G x^(M) span a 
generalized foliation of TM such that, if we identify M with the zero section 
of TM, the leaves through points of M are the connected components of M 
and the leaf through v G TM, n 7 ^ 0, is the connected component of v in 
TM\M. Indeed, by fl2.1()|l . at a point n = 0 we have 

span{X^ / X G x^(M)} = span 



and at a point v = X\d/dv^) such that, for instance, 7 ^ 0 , we have 

j d 

’ dv'^ 


span{X^} = span 


A 


d d 


dx^ 


dx^ 


x^ d 


X^ dx^ 


Finally, we refer the reader to 0 and the references therein for general¬ 
izations of the lift operations discussed above. 


3 Tangent Dirac structures 

Now, we will use the complete and vertical lifts in order to dehne the notion 
of a tangent Dirac structure, hrst introduced by Courant j2], and make some 
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new remarks about it. 

The Dirac structures are defined as a class of subbundles of the vector 
bundle E{M) = TM ® T*M. The bundle E{M) has several interesting 
geometric objects. The first is the non degenerate metric of zero signature 

(3.1) g{{X,a), iY,P)) = ^(a{Y)+P{X)), 

where X,Y are tangent vectors and a, (3 are tangent covectors a.t x E M. 
The second is F G TEnd{E{M)) given by 

(3.2) F(X,a) = (X,-a), 

which is a so-called para-Hermitian structure jl]. The third object is the non 
degenerate 2-form 

(3.3) coiiX, a), {Y, (3)) = g{{X, a), F(F, (3)) = ^(a(F) - (3{X)). 

Definition 3.1. A maximal gf-isotropic subbundle A C E{M) is called an 
almost Dirac structure on M. 

The almost Dirac structure may be interpreted in terms of TM alone. 
Namely [T], A yields the pair {A, zu), where A is the generalized distribution 
defined as the natural projection of A on TM and, Wx G M, zux G A‘^A* is 
the 2-form induced by co of (j3.3|) (VX, Y G A^, the value produced by (I3.3jl 
does not depend on the choice of a,/3). Conversely, the pair {A,zu) allows 
us to reconstruct A as follows 

(3.4) A = {{X,a) / X E Aka\A = i{X)w}. 

The next important thing for the bundle E{M) is the Courant bracket, 
which is the operation defined on TE{M) by PP 

(3.5) [(X, a), (X, /?)] = ([X, X], Lxf3 - Lya + d(o;((X, a), (X, /?)))) 

= ([X, Y],z{X)d(3 - i{Y)da + ]^d{(3{X) - a(X))), 

where X, X are vector fields and a, (3 are differential 1-forms on M, [X, X] is 
the usual Lie bracket and L denotes the Lie derivative. The Courant bracket 
is skew-symmetric but satisfies a more complicated than the Jacobi identity. 
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Definition 3.2. An almost Dirac structure D C E{M) is called a Dirac 
structure on M if FD is closed by Courant brackets. 

In PP, it was proven that the almost Dirac structure is Dirac iff the 
equivalent pair {A, zu) satishes the following conditions: i) .4. is a generalized 
foliation, ii) the form zu is closed along the leaves of A. This means that 
the leaves of A are presymplectic manifolds (of a non constant rank!) and 
are called the presymplectic leaves of D. If the leaves are symplectic D 
is equivalent with a Poisson structure. Namely, if P is the corresponding 
Poisson bivector held, the Dirac structure is 

(3.6) Dp = {{i{a)P,a) / aeT*M}. 

If the leaves are the connected components of M, D is a presymplectic struc¬ 
ture on M with the presymplectic form zu such that 

(3.7) D = D^ = {{X,i{X)zu)/XeTM}. 

Another fundamental property of a Dirac structure is that the restriction 
of the Courant bracket ()3.5|) to PD makes D into a Lie algebroid where the 
anchor is projection on TM (e.g., [H]). 

In j2], a Dirac structure of M was lifted to the manifold TM. In what 
follows, we give a simpler dehnition of this lift. For this purpose we look 
at the locally free C'“(M)-module sheaf D of rank n of the germs of cross 
sections of D, where C°°{M) is the sheaf of germs of differentiable functions 
on M (e.g., IHl)- Then, we get 

Proposition 3.1. The C°°{TM)-module sheaf spanned by the germs 
(X'^, o^), (X'^, a^), V(X, a) E If is locally free of rank 2n and it is isomor¬ 
phic with the sheaf of germs of cross sections of a Dirac structure D^^ on 
TM. 

Proof. Firstly, we show that the sheaf Df^ is locally free of rank 2n. If 
{Bi, Ci) {i = 1,..., n) is a local basis for the sheaf D on M, an arbitrary germ 
{X, a) E D_ is of the form 


(A, a) = 

i=l 
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whence 


= Er=i[Ar(i^f, )+A?(5r, ^D], 

(^^«^) = ELlAr(5r,6r). 

This shows that (-Bf, ef), {B^, e() is a local basis of . (If we assume that 




Cj = Eijdx^ 


and use formulas (ITTUD . (ITTBl) . linear independence follows from that of 

{Bi,ei).) 

Thus jS] , is isomorphic with the sheaf of germs of cross sections of the 

vector bundle with local trivialization bases ,ef), ,eY), which may 

be identihed with a vector subbundle of T{TM). 

Furthermore, if we denote by indices M and TM, respectively, objects on 
the two manifolds, formulas (ini), (HD and (ini, (ITT31) give 


9TM((-W,aC),(rC ; 50 )) ^ (g^((X,a),(Y,fl))f, 

(3.8) ,jTu({X^,a^),{Y'\li'')) = {gMHX,a),{Y,l3)))'', 
gTM{(X'',a''),{Y''',P'')) = 0, 


and similar formulas relate ujtm to oom- These formulas ensure the isotropy 
property for 

Finally, from (El) for to, and property b) of the complete 

lift given at the end of Section 1 , we get the following formulas for Courant 
brackets: 

|(.YC,a°),(yc,/3C)| = [(X,a),(Y,P)f, 

(3.9) \(X^,o<^),(Y'\P'')] = l{X,c,),(Y,P)]'', 

|(.Y'',a''),(y'',/3'')| = 0. 

These formulas, and the fact that a Dirac structure is a Lie algebroid, ensure 
that is closed by Courant brackets. □ 

Definition 3.3. The Dirac structure oi TM provided by Proposition 
o is called the tangent Dirac structure of the Dirac structure D of M. 

The comparison of the generating pairs of with the bases produced 
by the computations of [ 2 ] or with the alternative dehnition of the reviewer 
of that paper j3] shows that the tangent Dirac structure of Dehnition 13.31 is 
the same as that of [2]. 
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Remark 3.1. The tangent Dirac structure is invariant by the operator S of 
the tangent structure of the manifold TM. Indeed, the action of S is defined 
by S{X,E) = o S) {X,E) G and the dehnitions of Section 1 

yield 

SX^ = SX^ = 0, O o 5 = 0. 

Example 3.1. A Poisson structure of M dehned by the bivector held P with 
[P,P] = 0 is equivalent with the Dirac structure Dp given by (13.bj) . From 
and dnsi), it follows easily: 

i{a^)P^ = {i{a)P)^, i{a^)P^ = {i{a)Pf. 

Hence, the tangent Dirac structure of Dp is the Poisson structure dehned 
on TM by the bivector held P^, which is the usual dehnition of a tangent 
Poisson structure. Similarly, if M has a presymplectic structure dehned by 
the closed 2-form w, this structure may be seen as the Dirac structure 
given by (HID and the tangent Dirac structure of is the presymplectic 
structure dehned on TM by w'". 

Example 3.2. The construction of the tangent Dirac structure extends to 
complex Dirac structures L C E{M) ®mC. Such a structure T is a generalized 
complex structure ofMifTnT = 0[7j. By looking at a complex basis {Bi, e*) 
of T, it follows easily that if T is a generalized complex structure the same 
is true for its tangent structure Therefore, the tangent manifold of a 
generalized complex manifold is a generalized complex manifold, again, in a 
canonical way. If M has a usual complex structure, L is the direct sum of 
the holomorphic tangent bundle of M and the anti-holomorphic cotangent 
bundle [7j, and has the similar structure for the usual complex structure 
of TM. On the other hand, if the generalized complex structure is dehned by 
a symplectic form u on M, L is the complexihcation of the Dirac structure 
Di_j of ()3.7I1 [7], and the generalized complex structure of TM is dehned by 
the symplectic form oo^. 

Now, we will give some more results about the tangent Dirac structure. 

Proposition 3.2. If S is a presymplectic leaf of D on M with the presym¬ 
plectic form w and if v & TS, the presymplectic leaf of D^^ through v is the 
tangent manifold TS* C TM, and its presympleetic form is , where the 
complete lift is from S to TS. 
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Proof. Obviously, the tangent space of the presymplectic leaf S(^x,v){D^^) of 
at a point {x,v) G TM, tt{v) = x, is spanned by the vectors n), 

X^{x,v), where X is a vector held tangent to the presymplectic leaf Sx{D). 
In particular, if n G TS", we get the hrst part of the proposition. Furthermore, 
if vu is the presymplectic form of the leaf S we have P 

(3.10) w{X,Y)=u;{{X,a),{Y,f3)), 

where X,Y E TS, (X, a), (Y, (3) E D and the form uj is dehned by formula 
(Q. Then, the dehnitions and properties of the complete and vertical lifts 
yield 

^C(xC, yC) ^ ^C))^ 

(3.11) tn^(X^, Y^) = o;tm((X^, a^), {Y^, 13^)), 

^C(xv, yV) = ojtm{{X^, a'"), (h"^, = 0, 

and we are done. □ 

We recall that a Poisson structure P is called homogeneous if there exists 
a vector held Z such that 

(3.12) LzP + P = Q. 

It is well known that the tangent Poisson structure P^ of any Poisson struc¬ 
ture P of M is homogeneous with Z = E, where E is the Euler vector 
held fj2.3|l . The generalization of homogeneity to Dirac structures D is the 
condition 

(3.13) (X,a) G P ^ ([Z,X]+X,Lza) G P, 

which reduces to (Km in the Poisson case m Now, we get 

Proposition 3.3. For an arbitrary Dirac structure D of M, the tangent 
Dirac structure P*^ is homogeneous with Z = E. 

Proof The Euler held E satishes (j2.2|l and also 

(3.14) [P,X^] = 0, [P,X^] = -X^, X G x\M), 

which follows by easy, local coordinates calculations. Thus, the result is 
proven if we show that V(X, a), {Y, f3) eTD the pairs (X*", Leci'^), (0, pECt^) 
are (/TM-orthogonal to the pairs {Y^\ {3^), (E^, {3^). The examination of the 
corresponding scalar products shows that this is the case indeed. □ 
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Remark 3.2. A Dirac structure D oi M yields a pointwisely defined pull 
back vr*(D) to TM by the natural projection tt : TM —M, which is defined 
by 

(3.15) tt\D) = {(A, 7r*a), / A G T(TM), a G T*M, (tt.A, a) G D}. 

From ()3.15|) . it follows that the equivalent, locally free sheaf of rank 2n is 
spanned by {X^', a^), {Z, 0) where (X, a) E D and Z is vertical on TM. If 
{Bi,ei) is a local basis of D, (Rf, e)^), 0) is a local basis of 7r*(R), 

and we see that vr*(R) is a differentiable Dirac structure on TM, which is 
different from the tangent Dirac structure. In particular, if D = Dp where 
F is a Poisson bivector field, tt*{Dp) is not a Poisson structure. We might 
say that is the complete lift of D and M{D) is the vertical lift. The 
presymplectic leaves of vr*(F) are the restrictions TsM of the tangent bundle 
TM to the presymplectic leaves S of D and the corresponding presymplectic 
form is the vertical lift of the presymplectic form of S. 


4 Submanifolds of a Dirac manifold 

We begin by dehning various classes of submanifolds of a Dirac manifold. 
More details and motivation on that may be found in m For simplicity, all 
the submanifolds are assumed to be embedded submanifolds. 

Definition 4.1. A submanifold N M is properly normalizable if there 
exists a normal bundle uN of N such that 

(4.1) {X,a) G D\j^f {prp]sfX,prT*Na) G D\f^, 

where the projections are dehned by the decomposition TpfM = vN ®TN. 
If (EH) holds, the pair {N, vN) is a properly normalized submanifold of M. 

It follows easily that condition EH) is equivalent with 

(4.2) D\N = {D\Nn {TN © T*N) © n (z/X © XX)) 

and FItv n (TX © T*N) is a differentiable Dirac structure of X equal to the 
pull back of D by the embedding of X in M m Therefore, a properly 
normalizable submanifold has a well dehned induced Dirac structure. If D 
comes from a Poisson structure a properly normalizable submanifold is a 
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Poisson-Dirac submanifold which admits a Dirac projection in the sense of 
[S]. If -D comes from a presymplectic form a the submanifold N is properly 
normalizable iff there exists a normal bundle uN of N which is a-orthogonal 
to N. 

In m we have dehned an interesting invariant of a properly normalized 
submanifold called the second fundamental form of {N, nN)) in (M, D). This 
invariant associates with every pair (X, a), {Y, P) G D\n D {TN Q) T*N) a 1- 
form B{{X, a), (Y, P)) G z/*iV with the value on Z G nN given by 

(4.3) B((X,a),(Y,P)XZ) = Z(iHYy) - a(lZ,Y]) + mZ,X]), 

where Z, (X, a), (F, P) extend Z, (X, a), (F, P) from N to M and (X, d), (F, P) 
eTD. The result is independent of the choice of the extensions because the 
right hand side of (B is (^“(Mj-linear in all arguments. 

In order to define another class of submanifolds we notice the existence 
of the field of subspaces along N 

(4.4) H^{N,D) = {Z e T^M 13a G annT^NX{Z,a) G D^} (x G X) 

{ann denotes the annihilator space). This held may not be differentiable 
and the subspaces may have various dimensions and may intersect T^N. For 
these reasons we will say that H{N, D) is the pseudo-normal field of N with 
respect to D. 

Definition 4.2. The submanifold X M is a cosymplectic submanifold if 
the pseudo-normal held H{N,D) is a diherentiable normal bundle z/X of X 
in M. H (X, D) will be called the natural normal bundle of the cosymplectic 
submanifold X. 

In nn, it was proven that, if X is a cosymplectic submanifold, (X, z/X = 
H{N, D)) is a properly normalized submanifold, that X is cosymplectic ih 

(4.5) DIat n (TX© ann TX) = {0}, 

that the induced Dirac structure of a cosymplectic submanifold is Poisson 
and, along X, one has 

(4.6) D\n = {(X, i{X)a) + (i(A)n, A) / X G X(X, D), A G T*X}, 

where If G x^(X) is the bivector held of the induced Poisson structure and 
a G P(A^annTX) is a 2-form the graph of which is D |v n (x(x, D) © 
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H*{N, D)). li D comes from a Poisson structure the notion of a cosymplectic 
submanifold is the known one ini. If D comes from a presymplectic form 
a the submanifold N is cosymplectic iff the pull back of a to is non 
degenerate. 

Because of (031) we give the following dehnition: 

Definition 4.3. The function d : iV —>• Z dehned by d{x) = dim[D\]\[n{TN(B 
annTN)\ [x G N) is called the cosymplecticity default oi the submanifold N 
of (M,D). 

It turns out that the second fundamental form of a cosymplectic manifold 
vanishes m- This property is the source of 

Definition 4.4. A submanifold of a Dirac manifold (M, D) is a totally 
Dirac submanifold if it is properly normalizable by a certain normal bundle 
uN and the second fundamental form of (A^, uN) is zero. 

One can see m that, if D comes from a Poisson structure, a totally Dirac 
submanifold is just a Dirac submanifold in the sense of Xu ra (in 0] these 
were called Lie-Dirac submanifolds). Indeed, if P is the Poisson bivector 
held, the second fundamental form of N becomes 

B{it{a)P,a),{t{P)P,P))iZ) = iL^P){a,i3) 

\/a,j3 G T*N (then i{a)P,i{f3)P G TN because of the proper normalization 
property), and, if i? = 0, we are in the case where P is soldered to {N, vN) 
ng, Similarly, ii D = where cr is a presymplectic form on M, for the 
properly normalized submanifold {N, uN) we get 

B((X, 2 (X)a), (V,z(V)a))(Z) = (L^cr)(X,Y) (X, F G x'(iV)), 

and the vanishing of this form, together with nX C means that cr is 

soldered to (X, vN) in the sense of [TUI • 

Finally, in accordance with the Poisson case, we also dehne 

Definition 4.5. A submanifold X of a Dirac manifold (M, D) is coisotropic 
if the conditions a G annTN and {X,a) G D imply X &TN. Dually, X is 
an isotropic submanifold oi (M, D) if the conditions X E TN and (X, a) E D 
imply a E annTN. 
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In the presymplectic case the coisotropy and isotropy properties are the 
classical ones (i.e., C TN and ^ TN, respectively, where a is 

the presymplectic form). In the Poisson case, N is coisotropic iff, Vx G N, 
TxN r\TS is a coisotropic subspace of TS', respectively, N is an isotropic 
submanifold of S', S being the symplectic leaf through x. Obviously, N is 
a coisotropic submanifold of (M, D) iff its pseudo-normal held satishes the 
condition i/(iV, D) CTN. 


Now, we shall explain how to represent a Dirac structure D of M in the 
neighborhood of a point xq of a submanifold iV of M by means of local bases. 

Using a tubular neighborhood of N with hbers tangent to a chosen nor¬ 
mal bundle uN, we get local coordinates (a;“, ?/“) {u = 1, N; a = 

1 ,codim N) around xq such that x^ are coordinates along N and y°' are 
coordinates along the tubular hbers. Then the local equations of N are 
= 0, and 


(4.7) 


TN = span 


d 

dx'^ 


, uN = span 

y=0 


-I 

dy" )y=0 


(4.8) T*N = span{dx^}y=o, n*N = span{dy‘^}y=o 


On the coordinate neighborhood obtained above (shrunken if necessary), 
we may consider a basis of D that consists of n independent pairs (i?„, e„), (Uq, 
To) where 


(4.9) 


B„ 


hs _d_ 

udx^ 


I h'h_d_ 

' dyh) 


a 


_d _I 'h d 

^CL dx‘ ' dyh J 


Cn = Cusdx^ + = tasdx^ + ■ 


In these, and in all the formulas that follow, our convention is that any 
index of coordinates x takes the same values as the index u and any index 
of coordinates y takes the same values as the index a. 

Of course, these bases must satisfy the conditions implied by the dehnition 
of a Dirac structure namely, isotropy: 


(4.10) Cu{Bs) + €s{Bu) — 0, €u{Ca) + Ta{Bu) — 0, Ta{Ch) + Th{Ca) — 0, 


and integrability: 

(4.11) [{Bu, Cu), {Bg, Cs)] E D, [{Bu, Cu), {Ca,Ta)] E D, 
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[{Ca,Ta),{Ch,Th)]eD. 

We also add that the tangent distribution of the presymplectic foliation 
of D is 


(4.12) ^{D) = span{Bu,Ca} 
and the presymplectic form vu is determined by 

(4.13) w{Bu, Bs) = euiBs), w{Bu, Co) = e„(C'a), Ch) = Ta{Ch). 

In what follows we write down the characteristic conditions for the various 
classes of submanifolds. Definition ED shows that W is a properly normal¬ 
izable submanifold of (M, D) iff it has a normal bundle vN such that there 
exist local bases (jOl) of D which satisfy the conditions 

(4.14) 0) = 0, 0) = 0, cl{x, 0) = 0, tas{x, 0) = 0. 


We call them adapted bases. 

Furthermore, N is cosymplectic in (M, D) iff there exist uN and bases 
that satisfy (ETil) and the supplementary conditions 

(4.15) eus{x, 0) = 6us, 0) = 


This is an immediate consequence of formula (gSl). 

Back to a properly normalized submanifold {N, vN ), with (j4.3ji we can 
compute the components of the second fundamental form with respect to 
adapted bases, and the result is 


(4.16) 


B{{Bu, eu), {Bv, ^v)){ 


d 


dy° 


= b: 


y=0 


. de. 


dya 


O' 


’ dy^ 


y=0 


Therefore, following Dehnition 14.4L the characterization of a totally Dirac 
submanifold consists of conditions (j4.14|l and the annulation of the compo¬ 
nents 


Remark 4.1. The skew-symmetry of the second fundamental form B is an 
immediate consequence of the first condition (ETUI) . The vanishing of B for 
a cosymplectic submanifold follows from the first condition (14.1111 . Indeed, 
if W is a cosymplectic submanifold, the TW-component of D|jv behaves like 
a Poisson structure (see (ESI)), and the fact that 


(4.17) 


^u}') ^s)] ([-®R5 ^s]") (.B^) ) ) 
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belongs to D along N implies the annulation of the 1-form component of 
(CT7I) when calculated on a vector held of the form 


Pa(3::,0) = 0,g^(a:,0) = 

and evaluated at y = 0. This exactly yields 5 = 0. 

Finally, Dehnition 14.51 shows that a submanifold N is coisotropic if the 
coefficients of the formulas (jOl) are such that V(A“, A “) one has 

(4.18) A“e„s(a:, 0) A'Xs(a:, 0) = 0 ^ 0) X'°‘c^{x, 0) = 0. 


The condition for an isotropic submanifold is obtained by reversing the sense 
of the implication in (14.1811 . 


Now, we have all the ingredients required to discuss the result of Xu 
quoted in Introduction in the framework of Dirac manifolds. We will deduce 
the conditions for a submanifold of a Dirac manifold (M, D) to have a 
normal bundle uN which is either a coisotropic or an isotropic submanifold 
of [TM, D^^), and obtain some geometric conclusions of these conditions. 

We consider a point Xq E N, a normal bundle uN of N in M, and the 
local coordinates and bases of formulas dlSD around xq. Then, if we denote 
by the corresponding natural coordinates on the hbers of TM, the 

submanifold uN GTM has the local equations y°' = 0,n“ = 0, and 

(4.19) 


(4.20) 


ann{Ti/N) = span{(ij/“, dn“}j^=o,D=o- 


With the bases (ESI) the tangent Dirac structure is locally spanned 
by (C'fiT-f), (5^,e)(), where 


B. 


c 


_ / 0 _i_ / t) I us d I u'h t) 

~ ‘‘d-K dv‘ ''db'h -r Q^s -r 


'h d 


(4.21) 


_ / _d _I_ 7 d I „s _d _I 'h d 

dc^ Qys “T dcj^ dw^ QyU i 

/:?V'_7)S_9_I T^h d — _I ^ 


17 








(4.22) 


+ ^de'^^dy’^ + eusdv^ + e'^f^dw’^, 

Ta = htasdx^ + Idt'^^dy’^ + tasdv^ + dahdw’^, 

el = Cusdx^ + e'^f^dy^, = tasdx^ + t'^^dy'"- 

By writing down a linear combination of these pairs with coefficients 
A“, z/“, p“, we get a local cross section (S, 4/) of which has the property 
4/ G ann{TiyN) iff 


(4.23) 


(/i“e„, + (Has)y=o = 0, + iy%h)y=o = 0, 


yw QGus I jjCl digs 


dy*' 


dy^ 


= 0 . 


y=0 


The same cross section (S, T) satishes the condition S G T{vN) iff 

W + sx),.« = 0 . (^“C + = 0 . 

(4.24) 

Therefore, we have proven 


+ ) = 0. 
y=0 


Proposition 4.1. A submanifold N of a Dirac manifold {M,D) has a nor¬ 
mal bundle vN which is coisotropic in {TM,D^^) iff, around the points of 
N, D has bases (gSD such that the equations are a consequence of the 

equations Similarly, vN is isotropic in (TM, iff the equations 

(irm are a consequence of the equations (Km . 

As consequences of Proposition 14.11 we get 

Proposition 4.2. [T^ A submanifold N of a Poisson manifold M with the 
Poisson bivector field P is totally Dirac iff it has a normal bundle vN which 
is a coisotropic submanifold of (TM, P*"). 

Proof. Using coordinates as in (ESI) we may write 


(4.25) + 


d d d 

dy°‘ 2 dy°- dy^ 


dx' 


Accordingly, the bases dOJ may be taken under the form 

d d 

B,, = P“*^ + eu = dx^, 


dx^ 


dy° 
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Then, the equations (h:^ become /i“ = 0, i/“ = 0, and the equations (lOll 
become 


^ ^ 




for 1 / = 0. Obviously, the first system implies the second iff (5““ = 0, 5P“®/ dy^ 
= 0 for 1 / = 0. These exactly are the conditions for to be a (totally) Dirac 
submanifold na. □ 

Similarly, we have 

Proposition 4.3. A submanifold N of a presymplectic manifold M with the 
closed 2-form a is totally Dirac iff it has a normal bundle vN whieh is an 
isotropic submanifold of{TM, a^). 

Proof. With the same notation, we have 

O' = ^Ousdx'" A dP + (fiuadx^ A dy°- + ^9ahdy°- A dy’^, 

and the bases 

d d 

Pu vj ~ 1 Ca Tj ~y Ousdx T 'puady , ^p^ddx T Qahdy • 

ax'^ ay^- 

Then, the system becomes 


,,ii_ _ n I tAQ _ n 

^us S ^sa U, A ^uh H“ ^ ^ah U, ^ , U 


dy 


h 


dy 


h 


for y = 0, and the system ()4.24|1 becomes pp = 0, z/“ = 0. The latter condi¬ 
tions imply the former iff ip^a = 0 and daus/dy^ = 0 for |/ = 0. These are the 
conditions that characterize a totally Dirac submanifold of a presymplectic 
manifold. □ 
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Proposition 4.4. If N is a cosymplectic submanifold of the Dirac manifold 
{M,D), the cosymplecticity default of the natural normal bundle H{N,D) 
seen as a submanifold of {TM,D^^) satisfies the inequalities codim N < 
d{x) < dimM {x e N). 

Proof The local cross sections of fl [T{H{N, D)) © ann{T{H{N, -D)))] 
must satisfy both and Km . which, modulo Km and (mui), include 

the conditions = 0, z/“ = 0 and do not restrict the coefficients There¬ 
fore, n [T{H{N,D)) © ann{T{H{N, D)))] has a basis which consists of 
the pairs and of linear combinations of □ 

Remark 4.2. The questions discussed above may also be considered for the 
vertical lift vr*(D) defined in Remark Id.21 instead of the tangent structure 
The local bases of Tr*{D) are 
The conditions are to be replaced by 


(4.26) X^eUx,0) + n^tas{x,0)=0. 

The conditions Km are to be replaced by 


(4.27) A“C(x, 0) + v^cff{x, 0) = 0, = 0, A 


a Jh i 


dht 


dy^ 


+ P 


Oc^ 

a 


y=0 


dy^ 


= 0 . 


y=0 


From these formulas, we see that uN is never coisotropic in {TM,7r*{D)). 
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